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, ^ ! Abstract: 

This paper is an extended version of our previous short letter |1[ and is attempted to give a de- 
CN . tailed account for the results presented in that paper. Let Uq{Q^^^) be the quantized nontwisted 

00 ' affine Lie algebra and Uq{Q) be the corresponding quantum simple Lie algebra. Using the previ- 

(•~^ \ ous obtained universal i?-matrix for Ug(^^^'*) and Uq{A2^^), we determine the explicitly spectral- 

^ . dependent universal i?-matrix for Uq{Ai) and Uq{A2). We apply these spectral-dependent uni- 



versal i2-matrix to some concrete representations. We then reproduce the well-known results for 
the fundamental representations and we are also able to derive for the first time the extreamly 
explicit and compact formula of the spectral-dependent i?-matrix for the adjoint representation 
^ I of Uq{A2), the simplest nontrival case when the tensor product of the representations is not 



X 
J3 



multiplicity- free. 



1 Introduction 



This paper is an extended version of our previous short letter where only the results have 
been announced and is partially attempted to account for the details for the results presented 
in that letter. 

Quantum deformation of universal enveloping algebras, or for short, quantum algebra, is 
perhaps one of the most important discoveries in recent years in mathematics and theoretical 
physics |2|[p. The novelty in this theory is that it has a quasitriangular Hopf algebra structure. 
Namely, there exists a canonical element R, called the universal i?-matrix, in the deformed 
algebra satisfying the spectral- independent quantum Yang-Baxter equation (QYBE) which plays 
a key role in CFT's [|] and knot theory g|]0. Integrable models on the other hand, 

use spectral-dependent i?-matrix which is the solution to the spectral-dependent QYBE. 

Since Jimbo and Jones' works a central issue has been finding spectral parameter 

dependent i?-matrix using the quantum group techiques (see, for example, ||l^). The usual 
approach seems to be Jones' " Yang-Baxterization" procedure. That is, given some representation 
of braid group, one can in principal work out the spectral-dependent solution to QYBE by Yang- 
Baxterizing the former. This approach has been extensively applied to the case of so-called 
"abelian Yang-Baxterization" where the tensor product of representations is multiplicity- free. 
In fact, as far as we know, all the previous research in literature has limited to this simple case. 
When the tensor product of representations is not multiplicity- free, Jones points out that "non- 
abelian Yang-Baxterization" plays a role. Therefore, one may expect that one can not any more 
use the simple ansatz that spectral-dependent i?-matrix takes the form of spectral-dependent 
scalar functions times spectral-independent projection operators, and thus makes it very difficult 
to solve the Jimbo-type equations @. 

We will present a new way of obtaining the spectral-dependent i2-matrix for quantum simple 
Lie algebras. Our idea is, in some sense, to reverse the above process. More precisely, we start 
from the universal i?-matrix of the quantum affine algebra Uq{G^^^) and then apply it to finite- 
dimensional loop representations V{z) of Uq{Q^^^) which is known to be isomorphic to the ones, 
V ^ C{z, z~^) of the corresponding quantum simple Lie algebra Uq{Q). In this way, a spectral 
parameter appears automatically and we obtain the spectral parameter dependent solution to 
QYBE for the latter. Our approach has been partly initiated by Khoroshkin and Tolstoy's 
work ||l^ who consider the simplest case of the fundametal representation of Uq{Ai) and has 



classical analogue [ 14 1 . One of the advantages lying in our method is that the multiplicity- free 
and non-multiplicity-free cases can be treated in a unified fashion. As a matter of fact, we are 
able to get a spectral-dependent universal i2-matrix for Uq{Ai) and Uq{A2). Applying to some 
concrete representations, we are able to reproduce the well-known results for the fundamental 
representations and to obtain for the first time the extreamly explicit and compact formula for 
spectral-dependent i?-matrix of Uq{A2) for the adjoint representation, the simplest nontrival 
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case when the tensor product of representations is not multiphcity-free. 

The present paper is set in the following fashion. In section 1 and 2, we give some account 
for the fundamentals needed in this paper. In section 3, we give the universal i?-matrix with 
the explicit spectral dependence for Ug{Ai) and Uq{A2). In section 4, we apply the spectral- 
dependent universal i?-matrix to some concrete representations and reproduce some well-known 
results. We also obtain an extreamly explicit and compact formula for spectral-dependent R- 
matrix in the adjoint representation of Uq{A2)- In section 5 we present some remarks. Finally, 
some extra details are put in Appendix A and B. 



2 Quantum AfRne Lie Algebras 

We start with the definition of the nontwisted quantum affine Lie algebra Uq{Q^^^). Let = 
{0'ij)i<i,j<r be a symmetrizable Cartan matrix. Let Q stand for the finite-dimensional simple 
Lie algebra associated with the symmetrical Cartan matrix A^^^ = (a^J™) = {ai,aj), i,j = 
1, 2, r, where r is the rank of Q. Let A = {aij)Q<:i,j<:r be a symmetrizable, generalized Cartan 
matrix in the sense of Kac [^]. Let Q^^^ denote the nontwisted affine Lie algebra associated with 
the corresponding symmetric Cartan matrix ^sym = (^ij™) = (ojjOj)) ^-,3 = 0,1,..., r. Then 
the quantum algebra Uq{Q^'^'>) is defined to be a Hopf algebra with generators: {Ei, Fi, q^^ {i = 
0, 1, r), q'^} and relations, 

q\qh' =qh+h' ^ ^. = Q, 1, r), d) 

q'^Eiq-'' = q^'^'^^^Ei , q'^Fiq"'' = ^-(^'"'^F, 

\Ei,FA = 5i'^ ^ 



(ad,Fi)'""'^^i = 0, (ad,-iF,)i-'^'^F,- = {i ^ j) (1) 

where 

{&dqXa)Xi3 = [Xq, , X^]g = Xo,XfS - Q'^^'^^X^Xo (2) 

The algebra Uq{G^^'^) is a Hopf algebra with coproduct, counit and antipode similar to the 
case of Uq{Q): explicitly, the coproduct is defined by 

A(q'^) =q^®q^ ^ h = hi, d 
A{Ei) = q-^'^ ®E, + Ei(^l 

A{Fi) = E + Fi ® q^\ i = 0,l,...,r (3) 

Formulae for the counit and antipode may also be given, but are not required below. 

Let A' be the opposite coproduct: A' = T A, T{x <^ y) = y ® x , Vx,y € Uq{g^'^'^). Then A 
and A' is related by the univer sal i?-matrix R in Uqig^^^i) ^ f/gC^^^^) satisfying 

A'(x)i? = i?A(x) , xeUgiQ^^^) 

{A®id)R = R^^R^^ , (id® A)R = R^^R^^ (4) 
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We define an anti-involution 6 on C/g(^(^)) by 

%^)=g-\ e{Ei)=Fi, 9{Fi)=Ei, 9{q)=q-^ (5) 

which extend uniquely to an algebra anti-involution on all of Uq{Q^^^) so that 9{ab) = 0{b)6{a) , Va, h € 
Throughout the paper, we use the notations: 



1 — (? q — q 

expq(x) = ^ -A-T , (n),! = (n)5(n- (6) 
n>o 

3 Universal i?-Matrix for Uq{A'i ^) and t/5(.4^^^) 

This section is devoted to a brief review of the construction of the universal fi-matrix for Uq{A^'^) 
and Uq{A''^^) || We start with rank 2 case. Fix a normal ordering in the positive root 



system A+ of j4["^^ : 

a, a + 5, a + n5, 6, 25, m6, ... , ... , {5 — a) + 15, ... ,5 — a (7) 

where a and 5 — a are simple roots; 5 is the minimal positive imaginary root. Construct Cartan- 
Weyl generators , F-y = 9{Ey) , 7 G A+ of Uq{Ai'^) as follows: We define 

Es = [{a,a)]q^[Ea, Es^alq 
E^+nS = {-ir {adEsYE^ 
E^^^^^-^^nS = (adi^^^ -£^5-0 , ••• 

EnS = [{o:,a)]q^[Ea+(n-l)5, Es-a]q (8) 

where [EnS, Ems] = for any n, m > 0. Then 

(i) for any n > 0, there exists a unique element EnS |jl3| satisfying [EnS , Ems] = for any 
n, m > and the relation 



Ens= E J ^ iE,,sr:.{E,^sy- (9) 

Pi- ••■ Pm- 

kipi + ... + kmPm = n 

< ki < ... < km 

(ii) the vectors E^ and F^ = 0{E^), 7 € A+ are the Cartan-Weyl generators for Uq{A^^^). One 
has ITj 



Theorem: The universal i?-matrix for Ug{A^^) may be written as 
R = I Yl expg^{{q - q~'^){Ea+n5 Fa+nS)) 



^n>0 



\n>0 / 

n exp,J(g - ® i^(5-a)+n5)) I " q\h'^<^h^+-®'^+'^®- (10) 

yn>0 / 

where c = /iq + hs-a- The order in the product ([lO| ) concides with the chosen normal order (0). 

We now consider rank 3 case. Let A^y^ = (a^J™), i,j = 1,2 and respectively be 
symmetrical Cartan matrix and positive root system of rank 2 finite-dimensional simple Lie 
algebras A2. In what follows we use ^gym the form 

<„^Kr)4;"'"! ' (u) 

The simple roots are a , /? and 5 — ip with = a + be the highest root of A2- 
Proposition: For Uq{A^2^), we fix the following order in A-|- of ^2^'*, 

a, a + 5, a + mi5, a + f3, a + f3 + S, a + /? + m2(5, P, (3 + 5, /3 + rrtsd, 5, 25, 
k6, ... (5 — /?) + /i(5, 6 — f3, (5 — a) + /2i5, 6 — a, (5 — a — /?) + /s^, 6 — a — [3 

(12) 

where m^, k,li > , i = 1,2,3. We set 

-E'a+/3 = [Ea , -E^lg , Eg-a = [Ep , -Es-q-/?]^ 

Es-IB = [Ea , -E'5_Q,_/3]q (13) 

and use the formula for E^^nS and 7 G A*]., 

-E^l*^ = [("i'^Ol^H-E^Q^; Es-a,]q, Ui = U, P, + f3 

= (-1)" (ad^?)"E„, 

= [(ai>ai)]gn^a,+{n-l)5, (14) 

where [E^j^j, E^^] = for any n, m > 0. One has the following statment similar to the case of 



^,(4 ■■ 

(i) there exists a unique element E^j , n > satisfying [E^j , E^^] = for any n, m > and 



the relation (a, = q, /3) 



... _p, 



/cipi + ... + kmPm = n 

< ki < ... < krn 
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(ii) the vectors and F-^ = 0{E^), 7 £ are the Cartan-Weyl generators for [/^(jdg^^). 



One can show |13|||l6| (see, in particular, [^) the following 
Theorem: For Uq{A'2^), the universal i?-matrix takes the explicit form 

i? = Jl expg^ ({q - q~'^){Ea+n5 <^ Fa+ns) 



n>0 



n>0 
n>0 

■expj^ E C-{q){q-q-'){Ei^<E^FS 

\n>Oi,j=l 



■ n ^^Pqp [(1 ~ 1 ^)(^(5-/3)+n5 ® F(^S-f})+ns) 
n>0 

n exp^^((g-<7-i)(i^(5 

-a)+n<5 ^ F{S~a)+n6) 



n>0 



■IT expg^^^((g-g ^){E^s 

n>0 



(16) 



where c = ho + h^, the order in the product of (|l6|) is defined by (|l^) and the constants C^j{q) 
are given by 



(C5(g)) = (c^M) = 7^ ( ^ ^ ) (17) 

[n\gq^"' + l+q ^" I (-1)" + g-" ' 

4 Universal i?-Matrix with Spectral Parameter 

In this section we come to our main concern. We will determine explicitly spectral-dependent 
universal i?-matrix for Uq{Ai) and Uq{A2) by using the universal i?-matrix (p!o|) and (16) for the 
corresponding Uq{A^^) and Uq{A2'^), respectively. 
We state the following 

Lemma: For any z G C^, there is a homomorphism of algebras ev^: Uq{A^^) — > Uq{Ai) given 
by 

eVz{Ea) = Ea , eVz{Fa) = Fa , ev:,{ha) = ha , ev^(c) = 

eVziEp) = zFa , ev^(F^) = z~'^Ea , ev^(/i_a) = -ha (18) 

Proof: See the appendix A. 
Proposition: (Omitting "ev^") 

Ea+nS = {-irz''q-'''''^Ea 
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\n n+l TP —nha 



Fns = [2]-i(-l)"-iz-^("-i)'''^ (f^Eo, - q^E^fA (19) 



Proof: Straightforward calculations + induction in n, using (18) and the defining relations (g). 
We define the new primed quantities, 

EnS = z"' E'nS , FnS = 2"" K<5 

EnS = z^E'^s, Fn5 = z-^F:,s (20) 

Then the tilded and primed quantities may be extracted from (|l9|) and are obviously independent 
of the parameter z; moreover, E'^^ and F^^ are determined by the following equalities of formal 
power series: 

OO / OD \ 

(Qa - Qa^) E ^ksu'' = exp (g, - q-^) ^ - 1 

k=l \ 1=1 ) 

OO / OO \ 

fc=l \ «=1 / 

which are the variants of (^. From the above considerations and (|l^) we deduce 

Theorem: The universal i?-matrix of \Jq{A\) with the explicit dependence of spectral parame- 
ter, i?(x, y) = (eva; (g) eVy)R, can be written as the form, 

R{x,y) = ]le^PgJ{q-q-')(-Y[q-^''-E^^F^q^''^ 



•exp ^N7J('?a - <?«') - (Ks ^ Ks 



\n>0 



■ n e^P.. [il - 1'') {^y^' {Faq-'"'- ® q'^'-E^)^ ■ q^^-^'^- (22) 
We now consider the case of Uq{A^^'^). We state 

Lemma: For and 2 € C^, there is a homomorphism of algebras ev^: {/^(Ag^^) Uq{A2) given 

by 

Q'^z{Eq) = Ea , eyziFa) = Fa , ev^iha) = ha 

eVziEf^) = Ep , eVz{Fp) = Fp , ev^{hp) = hp 

ev,{Es-a^p) = zFa+pq^''^-''-^/^ , ev,(F5_„_^) = z~\^''--''^y^ Ea+p 
evz{hs^a^p) = -ha+p , ev^(c) = (23) 



Proof: See the Appendix A. 
Proposition: (Omitting again "ev^"] 



where 



E^+p^^S = {-iTz^q-'^'^-^^E^+pq^^f^-'^-y^ 

Ep+^S = {-lT[2]-'^z^q''{[^d'^-,8y Ep]q<^^-^-y^ 

Eis-p)+n5 = [2]-"z"+ig-" {(ad',^)" (ad',-.i^„)F„+^} qin+m,-h^)/3 
F^s^p^^^s = (-l)«[2]~"z-"-ig("+i)(^-'^'')/3 (ad',^)" (ad',2i^„+^)F„ 

{hp-ha)/3 



E'f^ = (-l)"[2]-"z"<7"-2|(adVn+2^') • (adVi^:)" 'i^/sj'Z^^ 
F^J) = \^2]-''z-nqn-i^n{h^-h,)/3 (ad'g-„+2^') • (ad',-i^)""' (24) 



(ad'g^) • S = - Q-B^ 

8 = (ad'g-iF^)(ad'^-2Fa)F„+^ 

^= (ad'g(ad'q2F„+^)F«)F/3 

^' = Ea+pFa — q^FaEa+p 

T' = EaFa+p - q-^F^+pEo, (25) 



Proof: Straightforward computations + induction in n, by using (|23| ) and the defining relations 
of generators, eqs. ([l^) and (p^). 

We define the primed quantities, motivated by the form of (I 



Eni 






= z' 




EnS 




p(/3) 


= z' 




EnS 






= z 


-n p'W 
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_ np'(/3) p(/3) _ -np'(/3) 

Ef3+n5 = z"'E'ij^^g , F/34-„5 = Z "-F]3+n<5 

ITT _ n+1 T-i/ 

-f^(<5-/3)+n<5 = ^ -^(<5-/3)+n<5 

F(S-/3)+n5 = 2;"""^^(5_/3)+n5 (26) 

Then the primed quantities do not depend on the parameter z and E^^^ , fJ^^^ , -E'^.,.^^ , F'^j^^^ , 
) easily read off by comparing (|2^ with (^); moreover, similar to the Uq{A^^'') 

case, , F^l^ are determined by the following equalities of formal series: (oj = q, /3) 



oo 



A;=l \ 1=1 / 

oo / oo \ 

-ilo.. - lal) E FkS'' = -(g.. - q^l) E - 1 (27) 

k=l \ 1=1 / 

which are the variants of ([T5|). The above considerations and ( [l6[) then give rise to 

Theorem: The universal i?-matrix of Uq{A2) with the explicit dependence of spectral parame- 
ter, R{x,y) = {evx ® eVy)R, takes the form, 

n>o \ \y / / 

n>o " V Vy/ / 

• n exp,^ Uq - q-') (^) (e'^^^, F'^^^,) 



n>0 

2 



•exp I E ^5('?)(9 - «"')(<? ® ^n?) 

1 n>0 ij=l 



■ n expg^ ( (g -q ^) (^) {E[^-f5)+n5 ^ P(S-p)+^ 
n>0 \ 

. ]^ expg^ ({q - q-') f-Y^^ (^q-{n+l)ih^+2h,)/3 p^^-nh^ ^ ^„h,„^^^(n+l)(h.+2h,)/3^'\ 
n>0 V / 



5 Applications 

To illustrate the general theory developed in the previous section, we present a detailed study 
of the spectral-dependent i?-matrix for some concrete and interesting representations. 

First consider the Uq{J^i'^) case. Let , Z € Z^- denote the (/ + l)-dimensional module of 
Uq{Ai) (spin 1/2 representation) with basis {vm | < m < /}. We have 
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Proposition: For spin 1/2 representation of Uq{Ai), we have 





(1 Om\iX0 

— I' - ^^Prrl 








E 7;« 


= [l-m+ 








F 7;(') 

± a'-'m 


= [m + 












K/- 






no 




{[n{l 


-m)],-g"('+2)[nm],) 





(29) 



where it is understood that Vm is identically zero if m > / or m < 0. 

Proof: Straightforward computations + induction in n. 

(i) for spin 1/2 representation, we have from (p^) 

1 


1 

-9 



ha 



1 

-1 



1 Fa 



7? 

5 ^ a 





1 



Ks = [2] 



-1 
1 



■1) 



n-1 



.-2n 



Ks = [2] 



-l(-l) 



n-1 



n 



1 




(30) 



We apply (|2^) to l^rt C3 where 14/2 denotes the spin-1/2 representation of Uq{Ai] 



Using (ID, it follows from (H) that 



^1/2,1/2(2;, y) = /g(2;,?/) 



where 



q ^{y-x) 




y-q-'^x 


y—q~'^x 




q-'^(y-x) 


y—q~'^x 


y—q~'^x 


qu _ q-n 


{x/yr\ 


qn _^ q-n 


n j 



(31) 



1 / 



(32) 



and use has been made of the notation 

( AiiB AuB ■■■ AinB \ 

{A(^B) = 



(33) 



\ AmiB Am2B ■ ■ ■ AmnB J 

We thus reproduce the well-known result [^J, up to a scalar factor fq{x, y). In |13], KT obtained 
dD directly from (|0|). 

(ii) for spin 1 representation, (^) give rise to 

/ 2 \ / [2]g \ / \ 

/la = 000 ,^„=00 1 ,Fa=100 

yOO-2/ yOOO/ \0 [2]g y 
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K& = [2], 



-l(-l) 



n-1 



n 



n 



V 








,n f „2n 



-2n\ 













(34) 



We now apply (|22D to V1/2 53 Vi with Fi being the spin-1 representation of \Jq{A\). Using 
(34), we obtain from (| 



R 



1/2,1 



y -qx 



en + 666 + 



y — q~^x 



(ess + 644)+ 



, yq-\l-q-^) , xq-\l-q-^) ' 

H 5 624 H ess 



y — q -^x 



y 



(35) 



where Cjj is the matrix satisfying {eij)ki = Si^Sji and CijCki = Sjkeu. 
We now turn to the [/^(Ag^^) case. We state 

Proposition: The exphcit form of generators on the fundamental representation of Uq{A2) is 
given by 



ha 


= diag(l, - 


-1,0), 


hp = diag(0, 1, 


-1) 










0^ 















Ea 












Fa = 


1 














^ 








\ 















f ° 


1^ 











o\ 



































yl 






1 1 





0/ 



E', 



'/3+n5 — q 



-2n— n/3 



/ \ 
1 

y y 



2n+n/3 



/ \ 


Vo 1 OJ 



/ \ 



E 



'{5-l3)+n5 



(-1) 



n — 2n— n/3— 1 



F! 



(S~p)+n5 



E, 



E 



/(") 

nS 

,/(") 
n5 



E. 



nS 





Vo 1 oy 

^ \ 

(-l)"g2n+n/3+l q q ^ 

^ y 

[2],-^(-l)"-^^g-"/^diag(l,-g-2n,0 
[2]-^(-l)"-^^g"/^diag(l,V",0 

[2]-iMlc?-"-"/3diag fo,-l,(?-2" 
^ n V 

[2]-iMig-+"/3diag f0,-l,g2' 



(36) 
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We apply ( p8[ ) to Vt^\ <8) V(3), where V(3) stands for the fundamental representation of Uq{A2) 



Using (36) we get from (^8|), It follows from (|2q ) that 

-R{3),(3)(a;,y) 



fq{x, y) • ( en + egg + — — ^ — (e22 + ess + e44 + eee + ery + i 



+ 



y — q 



+ 



y{i-q-') 



n ve24 + esr + ees) + 
y -q y 



x{l - q- 



-(e42 + e73 + ese) 



where 



/,(x,y)=^2/3 



exp 



E 



-2n 



{x/yY 



,2n 



-2n 



n 



(37) 



(38) 



We thus reproduce the well-known result Q, up to a scalar factor fq{x,y). 

We now consider a very interesting case: to extract the spectral depedendent i2-matrix in the 
adjoint representation of Uq{A2)- As one knows, this is simplest nontrivial example where the 
tensor product is not multiplicity-free. To this effect, we introduce the so-called Gelfand-Tsetlin 
basis vector | (m) > given by 



|(m) > = 

It can be shown that the action of generators on the GT basis vectors reads 



mi3 m23 r?T,33 
mil 



(39) 



ha\im) >= (2mii - mu - m22)\{m) > 

hpKm) >= (2mi2 + 2m22 - mu - mis - "t-23 - "133)! (m) > 



"113 "^23 "^33 
mi2 m22 
mil 

mi3 77123 "I33 
77712 "^22 
77711 



{[77711 - "722]g[r77l2 - 777ll + l]g} 



1/2 



/ 77713 "123 "133 
77712 77122 

y 77111 - 1 J 



J 



I [77712 - "lll]g["ll3 - "112 + l]g["l23 - "Il2]g["l33 - "ll2 - 1]^ 
[ [7771 2 - "122 + l]g["ll2 " "l22]q 



+ 



"113 "l23 "133 
77112 - 1 "122 ) + 

"111 / 

[77122 - "111 - 1] J"113 - "122 + 2],[7n23 - "722 + l],["l33 - "I22], 



1/2 



[77712 - "122 + 2]^ [77712 - "122 + l]q 



( 



"113 "123 "i33 
"I12 "I22 - 1 
77111 
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The matrix elements of E'^ and are given by the transpose of the ones of and F^, 
respectively. Now for the adjoint representation, we have the following 8 state vectors: 



/l -l\ 
1 



V 



(i -i\ 
1 - 1 

V J 

(l -l\ 
- 1 

V / 

Therefore, one has 



/l -l\ 
1 

V / 
/l -i\ 



V ; 

(l -l\ 
- 1 

V -1 / 



(l -l\ 

1 - 1 

V 1 
/i -i\ 
1 - 1 
-1 



(41) 



Proposition: The matrix form of generators in the adjoint representation of Uq{A^^) is given 

by 

K = diag(l, -1, 2, 0, 0, -2, 1, -1) , hp = diag(l, 2, -1, 0, 0, 1, -2, -1) 

Ea = ei2 + [2]y^e34 + [2)^^646 + 678 , = 621 + [21^^643 + [2)^^666 + 637 



1/2 



1/2 



= ei3 + [2]-^/^e24 + ( ) e^, + [2]-'/'e,, + ( ) 657 + e^s 



[2], 



[2], 



1/2 



= eai + [2]-V2e42 + ( ) 652 + [2]-'/'eu + ' 



1/2 



[2], 



[2], 



675 + 686 



651 - 9662 + 673 + [2]~^/^q~^es4 - T^yr 9685 



^a+/9 = -[2]-^/^9-^6i4 + (Ij) 615 - g-^626 + 637 + [2]-V\e48 - ^"^ 
i^a+^ = -[2],-^/V641+(||) 

E'p+nS = 9"613 + [2]-'/\-e24 + (^IIj) ^ g-^"625 + 

+ [2]-/^.-647 +g) 
i^^+n5 = 9-"63l + [2]-V2g-e42 + (^IIj) 

+ [2],-^/^9^'^674 +(||jy^\-"675 +g^ 



057 + 9 •'"668 
\ 1/2 

9'"652 + 



- -q 631 - [2Jq ' q 642 - I 1^ I 

X 1/2 



-3n^ 
686 

\ 1/2 



^~3n— 1^ 
9 652 



rol-l/2„-3n-3„ 



^"+1^ «-3n-2^ 

9 er5- q ese 
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r9i-l/2^3n+3^ [ ['^]q\ ^-n~l^ ^3n+2^ 

~ pjg 9 J ^57-9 668 

= [2]-l(-l)"-lMl |g-ne,, _ g-3ng^^ + (^n ^ ^-n)^^^ ^ ^-n(^2n _ ^-2n)g^^ 

-g-2-(g" + <;-")e66g"e77-g-"e88} 

^nf ^ = [2]-\-ir-'^^ {g"en - g^"e22 + (g" + g-")e33 - ^"(g^" - q-'^e^ 

-'?'"(g" + g-")e66g-"e77-g"e88} 
<f = -[2],"'^ {^'"en + + g-2n)e22 - 633 - - g-")e44+ 

i^lf = -[2].-'^ {'Z-'-en + (g^" + g-^")e22 - 633 + g"(<z" - g-")e44 

- + 1 + g-2")e55 + g'"e66 - + g-'")e77 - q'^'ess} (42) 

Proof: Straightforward calculations + induction in n. 

Proposition: We have the following properties for the generators in (|4^), 

(^a)' = [2],e36 , {E^f = 0, = [2]ge63 , (Fa)' = 

(Fa+/3)' = -[2]gg-'ei8, {E^+pf = 0, (F,+^)2 = _[2],ge63, (F^+^g)' = 

(F;,+„,)2 = [2],g-2"e27, (4+„5)' = 0, (F^+„5)2 = [2],g2-e72 , (F^+„5)' = 

(F(5_/3)+n<5)^ = [2]gg~^"e72 , {E'^^s.^^^^^sf = 

(F('5-;3)+„5)' = [2],g'"e27 , iFls^p)+n5f = (43) 

Proof: Easily checked. 

We now apply (l28|) to V"{8) ^(8) > where V(8) is the adjoint representation of Uq{A2). Inserting 



into (28), we see that in the expansion of each (^-exponential only three terms survive thanks 
to the celebrated properties of generators, eq.(l43|). Thus one is able to work out the infinite 
products in (p8|). The contributions from the imaginary root vectors in (^ ) can also be worked 
out term by term and written as a very compact form. The final result may be put in the explicit 
and compact form. 



^(8),(8)(a;,y) 



I n=0 

+ i^U~ iq-q-) (,2_^2)(^_g2^) ^36^663 



n=0 



l + {q- q'^) E ( - ) {K+f3+n5 ^ F^+/3+n5) + 
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oo 



n=0 



• {imaginary root vectors contribution} 



n=0 



n=0 



• 1 + - E - (i?|5-«-;3)+n5 ® V"-/3)+n<5) + 

L n=0 

+ [^\qQ [Q-Q ) 2T7 rT^8i®^i8r 

(y^ — x^j(y — q'^x) J 

r 8 

) + qieu (8) 622 + en (g) 633 + 622 ® 656+ 

+633 ^ 677 + 666 (8) 688 + 677 ® 688 + {^}) + ^"^^11 ® 666 + &!! ® 677 + 
+622 (S> 633 + 622 (S> 688 + 633 ® 688 + 666 ® 677 + 

{^}) +Q'~^(6ll (8) 688 + 622 (S) 677 + 633 (g) 666 + {^})} (44) 

where "{<->}" denotes the interchange of the quantities in the space X (g) Y ; E'^_^_j^g , ^p+nS 
, E[^-i3)+nS ' H&-p)+n& are given in ^ and 

K+n8 = (-1)" {'?"'"ei2 + [2]y2g-^"634 + [21^^646 + 678} 

K+nS = (-1)" {^'"621 + [2]f g2ng^3 + piy^e^^ + esr} 

EU,+n5 = (-1)" |-[2],-^/^<Z-^'^-^eM + (II;) '^'^"'"^is - 9-^e26+ 



+ 'Z-'"e37 + [2]-^/2g648 - f 1^ ) g-^658 



1/2 

[2],' 



i^^+/3+n. = (-1)" -[2]-^/^g^"+^641 g^-651 - <?662 + 



+ g2"673 + [2]-^/2g-^684 - f 1 9685 



1/2 

[2].' 



^[5-.)+n5 = (-1)" {9-'"-'e21 + [2]y2g-2"643 + [21^^664 + ^687} 
F[s-a)+n5 = (-1)" {9'"+'ei2 + [2]y2cz2"634 + [21^^646 + g-^678} 
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\ 1/2 

9685 




[3] 



{imaginary root vectors contribution} = a /a ^ (l + {b/b' — l)6i4 + {c/c — l)5i5) (cji ^ en) + 

1=1 

+ a'{eu (g) 622 + eii <8) 633) + aa'{eii (g) 644) + a'c{eu (g 655) + a{eu (g eee) + 

+ aa'c{eii (g) 677) + ac(eii (g) ess) + l/a(e22 g) en) + l/fe'(e22 <g 633) + 

+ a'/b'{e22 ® 644) + a'c(e22 (g 655) + a'(e22 ® eee) + aa'c/b' {622 (g 677) + 

+ aa'c{e22 (g ess) + 1/0(633 <g en) + 6(633 (g 622) + a'6(e33 <^ 644) + 

+ a6(633 (g 666) + a'(e33 <g 677) + a(e33 ^ ess) + l/(aa')(e44 (g en) + 

+ 6/0(644 (g e22) + l/(a6')(e44 (g 633) + a'6(e44 g) 666) + a'/b'{e44 (g 677) + 

+ aa'(644 (g 6ss) + l/(ac')(655 (g 6n + ess ® 622) + a'c(6ss (g e77 + 6ss ess) + 

+ l/a'(666 (g en) + l/a(666 (g e22) + 1/ (a'6')(e66 ess) + l/(a6')(e66 <g e44) + 

+ l/6'(666 g) e77) + a'(666 <g ess) + 1/ (aa'c')(677 (g 611) + 6/ (aa'c')(677 (g 622) + 

+ l/a(677 (g 633) + 6/a(677 (g 644) + l/(ac')(e77 g) 6ss) + 6(677 ^ eee) + 

+ a'(677 (g 6ss) + l/(a'c')(6ss <g en) + 1/ (aa'e')(6ss (g e22) + l/a'(es8 633) + 

+ l/(aa')(6ss (g e44) + l/(ac')(6ss (g ess) + l/a(es8 eQQ + 6ss (g e77) (45) 

in which we have defined 

y — q^x I y — q~'^x y — q^x 

a = , a = , 6 = ^ 

y — X y — X y — g^x 

,/ y-q~'^x y-(f>x , y-q-^x 

6 = — , c = — , c = — (46) 

y — q ^x y — q^x y — q ^x 

We see that (^) is an extreamly exphcit formula: the sums in (^) can be easily worked out. 
We do this in the Appendix B. 



6 Concluding Remarks 

In this paper we have given a detailed account for the results presented in our previous short 
letter ||l| where only the results have been announced. 

We believe that along our line we may at least search for the solution to the following prob- 
lems. Firstly, we may try to extend the above to other types of quantum affine algebras (twisted 
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or nontwisted) . To this effect, we first have to answer the question how to quantize loop repre- 
sentations of the other types (type B, C, D, E and extotic) of groups. Secondly, we may wonder if 
there exist some kind of "universal" integrable lattice models which have our spectral-dependent 
i?-matrix as their Boltzmann weights. Thirdly, we may consider the possibility of finding and 
computing eigenvalues of Casimir operators constructed from these sepctral parameter depen- 
dent i?-matrix which are expected to play some role in one dimensional open spin chains [^] [ p!^ . 
Finally, we believe our formula will be useful in quantizing the conformal affine Toda theories 



||Tj] and in the recently-developed g-deformed WZNW CFT's [19||Q. These are problems now 
under consideration. 

Acknowledgements: 

Y.Z.Z. would like to thank Anthony John Bracken for contineous interest, suggestions and 
discussions, to thank V.N.Tolstoy for communication of his papers on quantum groups and to 
thank R.Cuerno for email correspondences. The financial support from Australian Research 
Council is gratefully acknowledged. 

7 Appendix A 

We consider here finite-dimensional loop representations of Uq{gl{n)'^^^) = Uq{A^^}_^) with the 
Chevalley generators {Ei^ Fi, < i < n; q'^} in which 

Ei = Eii+i , Fi = Ei+ii, g'^' , hi = Eii- Ei+i,+i ,l<i<n, q^"" (47) 

are the usual Chevalley generators of Uq{gl{n)). We define 

Eij = EikEkj — q~^EkjEik , i < k < j 

Eij = EikEkj - qEkjEik , i> k> j (48) 

and put 

= g^"+^""^in , F^ = Eniq-^''-^- , h^ = En-Enn (49) 

then we have 

Proposition: For any given z E C^, there is a homomorphism of algebras ev^;: Uq{gl{n)^^^) — > 
Uq{gl{n)), in terms of the Chevalley generators, 

eVziEi) = Ei , ev^(Fi) = Fi , ev^ihi) = hi 

eVziEo) = zF^, eVziFo) = z~'^E^ , ev^(/io) = -/i^ , ev2(c) = (50) 

Proof: To show they define a homomorphism Uq{gl{n)^^^) Uq{gl{n)), one needs to check that 
the relations in (|^) are satisfied. This is immediate except for the last two, which reduce to 

{adq-iFi)'+^^'^^^Fo = {adq-iFiy+^^'''^^E^ = (51) 
16 



(ad,-iFo)i+(^'"»)Fi = (ad,-iii;^)i+(^'"»)Fi = (52) 

and two similar relations with interchange Fi ^ Ei , Fq ^ Eq , <-> q. We now prove (|5l|). 
First we consider the case: l<i<i + l<n. In this case {ip,ai) = 0, and the l.h.s. of (|5l| ) 
becomes 

(ad,-iF,)SV' = [F'^,E^] = <7^"+^""[^^+l^,^ln] (53) 

which can be easily checked to be vanishing. We then consider the i = 1 case. In this case the 
l.h.s. of (|5T|) reads 

{adg-iFifE^ = {adg-iE2i){a.dg-iE2i)E^ (54) 
One can easily show {adg-iE2i)E^ = q^^^~^^""E2n- Inserting this into (|5^, one get 

(54) = {adg-iE2i)q''''+''--E2n = q^''+^--^[E2i , E2n] = (55) 

as required. Finally for i = n, we see the l.h.s. of (51) reduces to 



{adg-iFn)^E^ = {adg-i En n-i){adg-i En n-i)E^ (56) 
Some direct computations give 

(56) = {q-'Enn-l[Enn-l,Ein] " q[Enn~l, EmEnn-l} (57) 

which, using the directly checkable formula, 

[Enn-i,Ein] = -q'^'^-'-'-^^ E^-l , (58) 
is easily seen to be vanishing. We may similarly prove (52). 

Remark: Since N = J27=i En commutes with everything, therefore, if we set, instead of (|49|), 
E^ = ^ Em , F^ = Eni Em (59) 



then the above proposition in this appendix still holds. It turns out that it is more convenient 
to use (|59|) as we did in the previous sections. 



8 Appendix B 

For completeness, in this appendix we work out the sums appearing in (^^. We list the results 
below: 

the first sum = {ei2 621 + [2]]''^{ei2 ® £43) + [21^^(634 ® eai) + [2]g(e34 643) + 

+ [2]g(e46 O 664) + [2]y2(e46 «) 687) + [21^^(678 O 654) + 678 O 637} + 

+ _^_2 {[2]y^(ei2 ^ 664) + ei2 687 + [2]g(634 O 664) + [21^^(634 687)} + 

y q X 
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+ _ 2 {[2]y^(e46 «) e2i) + [2]q(e46 ® 643) + ers ® 621 + [2)^^(678 <8) 643)} 
the second sum = ^_{l/[2]y(ei4 ® £41) - [3]yV('7^[2]g)(ei4 ® 651) - 1/ {q^[2]\l'^){eiA ® 673) 

- ?'[3]yV[2]q(ei5 ® 641) + [3]q/[2]g(ei5 egi) + ([3]5/[2]q)'/'(ei5 673) + 

+ 626 ® 662 - l/(5^[2]y2)(e26 (g) 684) + ([3]g/[2]q)^/2(e26 ® 685) 

- gV[2]y'(637 ® 64l) + ([3]g/[2],)V2(e37 651) + 

+ 637 ® 673 - QV[2]g/^(648 O 662) + 648 634 - [3]g/ V[2]g (648 ® 635) 

+ ([3]g/[2]g)'/'(e58 ® 662) - [3]'/V(9'[2],)(e58 ® 634) + [3]g/[2]g(e58 ® 635)} 

+ _^_2 {V(g[2]g/')(614 ® 662) - l/(g'[2],)(ei4 ® 684) + [3]^ V(9[2]g) (6l4 ® 635) 

- g-'([3],/[2]q)V2(ei5 ® 662) + [3]yV(9[2]9)(6l5 684) - g([3]9/[2],)(6l5 ® 635) 

- g(637 ® 662) + l/{q[2]\'^){e^7 634) - g([3]g/[2]q)l/2(e37 ® 685)} 

+ ^^W[2]y'(e26 ® 641) - g-'([3]9/[2]g)'/'(e26 «> 651) - ^"^626 ® 673) 
- gV[2]q(648 ® 641) + g[3]yV[2]q(648 ® 651) + g/[2]y2(e48 ® 673) 
+ 9[3]yV[2],(658 ® 64i) - 9-'([3]9/[2],)(e58 ® 651) - g-'([3],/[2],)V2(e58 673)} 
the third sum = {dg 631 + l/[2]y2(ei3 ^ 642) + ([3]g/[2]g)^/2(ei3 ® 675) + 

y ^ 

+ l/[2]y2(e24 631) + l/[2]g(e24 ® 642) + [3]yV[2]q(624 675) + 

+ [3]q/[2]g(625 (8) 652) + [3]yV[2]9(625 ® 674) + ( [3] [2] 5)^2 (625 ® 636) + 
+ [3]yV[2]9(647 652) + l/[2]q(647 ® 674) + 

+ l/[2]l/2(e47 636) + ([3]g/[2]g)l/2(g^^ ^ g^^) _^ [3]^ V[2]g(657 ® 642) + 

+ [3]g/[2]q(657 O 675) + ([3]q/[2]g)^/2(e63 (8) 652) + l/[2]y2(e63 ® 674) + 663 O 636} 

+ J 4 {([3]g/[2]g)^/'(6i3 652) + l/[2]y'(6l3 ® 674) + 613 ® 636 + 

y Q ^ 

+ [3]yV[2]9(624 ® 652) + l/[2]q(624 ® 674) + l/[2]y^(e24 636) + 

+ [3]g/[2]g(e57 ® 652) + [3]J/V[2]g(e57 ^ 674) + i[3]g/[2],)^/\e57 ® ese)} + 

+ _^_4 {([3],/[2]g)^/'(e25 631) + [3]yV[2]q(625 ® 642) + [3]g/[2]g(e25 ® 675) 
y 5 X 

+ l/[2]y2(e47 ® 631) + l/[2]g(e47 ® 642) + [3]yV[2]q(647 ® 675) + 

+ 668 ® 631 + l/[2]y2(e68 ® 642) + {[3]g/Mq)^^\ee8 ® 675)} 

the fourth sum = ^^{eai (g) eis + l/{q[2]l/^){e3i ® 624) + g([3]g/[2],)^/2^e3i 657) 
y — X ^ 

+ 9/[2]y^(642 ® 613) + l/[2]g(e42 ® 624) + g^[3]yV[2]«(642 ® 657) + 

+ [3]q/[2]g(652 (8) 625) + g'[3]yV[2]q(652 ® 647) + g([3]g/[2],)^/'(e52 ® 663) + 

+ [3]yV(9'[2]q)(674 625) + l/[2]q(674 ® 647) + l/(g[2]y2)(e74 ® 663) + 

+ q-\[3],/[2]g)^/^{er5 ^ 613) + [3]yV(9'[2],)(e75 ^ 624) + 

+ [3]q/[2]g(675 ® 657) + +g"H[3]q/[2]g)'/'(636 ® 625) + g/[2]y'(636 ® 647) + 
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+ 686 ® 668} + 4 {g^([3]g/[2]g)^/^(e31 ® 635) + qVWj'^ {e^i 647) + 

+ g^(e3i ® 668) + Q^[3]yV[2]g(e42 (8) 625) + 9V[2]g(e42 647) + 

+ 9V[2]y'(e42 668) + 9'[3]g/[2]q(675 ® 625) + ^[3]^ V[2]g(e75 ^5 647) 

+ «'([3],/[2],)^/'(675 ® 668)} + _''_4 {g-'([3],/[2],)^/^(652 ® 613) 

y q X 

+ [3]yV(9l2],)(e52 (8) 624) + +[3],/(g2[2],)(e52 ® 657) + 

+ l/{q''[2]\l^){eu ® 613) + l/((7^[2],)(e74 ^ 624) + [3]^ V(9'[2]g)(674 ® 657) + 

+ g-^686 ® 613) + l/((7^[2]y2)(e86 ^ 624) + ( [3]g/[2],)l/2 (ggg ^ 657) 

fifth sum = ^—{621 (8) 612 + [2]yV«(e2i (8 634) + g[2]y^(643 (8) 612) + [2)9(643 ® 634) 

+ [2]q(664 <8) 646) + [21^79(664 ® 678) + 9[2]y^(687 ® 646) + 687 ® 678} 
+ _^_2 {[2]yVg(e21 ® 646) + l/g^(621 ® 678) + [2]9(643 ® 646) + Wq''^ / q{eAZ ® 678)} 

+ J^2 {g[2]y^(e64 612) + [2]q(e64 ® 634) + 9^(687 ® 612) + g[2]y2(687 634)} 

y Q. X 

sixth sum = ^^{l/[2]5(e4i 614) - g^[3]yV[2]<?(e4i ® 615) - gV[2]y^(64i (8 637) 

- [3]yV('7'[2]g)(65i C5 614) + [3]g/[2],(e5i ® 615) + g([3]g/[2],)i/2(g^^ ^ ^^^^ 

+ 662 ® 626 - gV[2]y'(662 ® 648) + ^([3],/ [2],)l/2 (^^^ ^ g^^) _ l/(g3 ^2)1/2) (g^g e^) 

+ g~'([3]g/[2],)V2(e73 ® eis) + 673 ® 637 - l/{q'^[2]\'^){esi ® 626) 

+ l/[2],(e84 ® 648) - [3]yV(9'[2],)(684 ® 658) + g-'([3],/[2],) ^^(egg ® e26) 

- g2[3]y2/[2] (eg5 ^ e^g) + [3],/[2]g(e85 ^ 653)} + ^{l/[2]y'(64i ® 625) 

^ y — q '^x ^ 

- gV[2]g(641 ® 648) + 9 [3] [2)9(641 ® 658) - Q'"" {^q/i^f'^ {e^l ® 626) 
+ «[3]yV[2]9(651 ® 648) - g~^([3]g/[2]5)(e51 ® 658) - 1/^^(673 (8 626) 

+ l/[2]y2(e73 ® 648) - 9-'([3],/[2],)^/2(673 ® 658)} + ^-^{l/[2]y2 (gg^ ® 614) 

- (?2([3]g/[2],)i/2(e62 «) eis) - q\e(,2 ® 637) - l/(g='[2]g)(e84 ® 614) 

+ [3]yV(Q[2],)(684 ® 615) + l/[2]y2(684 ® 637) + [3]yV(9[2],)(685 ® 614) 

- Q([3]9/[2],)(685 (8 615) - g'([3]g/[2],)V2(e85 ® 637)} (60) 
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